
DEPTH-WEIGHTED TREES

Figure 1. Simulations of DWT(f) for different weight functions f . The big red
dot denotes the root and the blue paths realise the depth of the tree, that is, the
length of the longest path from the root to a leaf.
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2 DEPTH-WEIGHTED TREES

1. Introduction

We study a model of random trees introduced by Leckey, Mitsche, and Wormald [7], called the
depht-weighted random recursive tree (or depth-weighted tree, for short). In this model, vertices
are added to the tree one-by-one and a new vertex attaches itself to an existing vertex chosen
randomly, where the probability to select a vertex depends on the depth of the vertex in the tree
(its graph distance to the root). More formally:

Definition 1.1. Let f : N0 → (0,∞) and let dT (u) denote the depth of vertex u in the tree T .
We construct a sequence of trees (Tn(f))n∈N as follows. Initialise T1(f) as a single vertex (the
root). For n ∈ N, construct Tn+1(f) from Tn(f) by randomly selecting a vertex vn from Tn(f)
and connecting a new vertex to vn by an edge. Here, conditionally on Tn(f), vn is distributed as

P(vn = u |Tn(f)) =
f(dTn(f)(u))∑

v∈Tn(f)
f(dTn(f)(v))

for u ∈ Tn(f).

A natural question to ask, is how structural properties of the tree Tn(f) depend on the weight
function f . In particular, we will discuss the behaviour of d(Tn(f)), the depth of the tree, defined
as

d(Tn(f)) := max
v∈Tn

dTn(f)(v).

2. Comparing depths of depth-weighted trees

When f ≡ 1 is the constant function, the depth-weighted tree is equivalent to the random recursive
tree model, where at each step the vertex to connect to is selected uniformly at random from the
tree constructed thus far. The following result provides a simple comparison of depth-weighted
trees with increasing/decreasing weight functions to the random recursive tree, for which we know
that E [d(Tn(1))] = e log n− 3

2 log log n+O(1) and d(Tn(1)) = e log n− 3
2 log log n+OP(1).

Proposition 2.1 (Proposition 2.7 in [7]). If f : N0 → (0,∞) is an increasing (resp. decreasing)
function, then d(Tn(1)) ⪯ d(Tn(f)) (resp. d(Tn(f)) ⪯ d(Tn(1))).

Proof. We prove the claim when f is increasing, the decreasing case follows in a similar way.
We prove a stronger result, namely that we can couple the construction of T1(f), . . . , Tn(f) and
T1(1), . . . , Tn(1) in such a way that each vertex v in Tn(f) is at least as deep as in Tn(1). Let
Nj(ℓ, f) and Nj(ℓ, 1) denote the number of vertices at depth ℓ in Tj(f) and Tj(1) for ℓ ∈ N0 and
j ∈ N, respectively. We thus construct a coupling such that

∞∑
i=ℓ

Nj(i, f) ≥
∞∑
i=ℓ

Nj(i, 1) for all ℓ ∈ N0 and j ∈ N. (2.1)

From this, it directly follows that d(Tn(f)) ≥ d(Tn(1)).

It is clear that T1(f) = T1(1) and T2(f) = T2(1), so that (2.1) holds for j = 1, 2 and all ℓ. Now,
suppose that (2.1) is satisfied for some j ∈ N and all ℓ. We partition the interval (0, 1) into
sub-intervals in two ways. We set, for k ∈ N0,

Ik,j(f) :=

[∑k−1
ℓ=0 f(ℓ)Nj(ℓ, f)∑∞
i=0 f(i)Nj(i, f)

,

∑k
ℓ=0 f(ℓ)Nj(ℓ, f)∑∞
i=0 f(i)Nj(i, f)

)
,

and

Ik,j(1) :=

[∑k−1
ℓ=0 Nj(ℓ, 1)∑∞
i=0 Nj(i, 1)

,

∑k
ℓ=0 Nj(ℓ, 1)∑∞
i=0 Nj(i, 1)

)
.

Sample a uniform (0, 1) random variable Uj independent of everything else. To construct Tj+1(f)
and Tj+1(1), attach vertex j + 1 to a vertex at depth k ∈ N0 in Tj(f) if Uj ∈ Ik,j(f) and to
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a vertex at depth k ∈ N0 in Tj(1) if Uj ∈ Ik,j(f). We claim that (2.1) combined with f being
increasing yields that

k⋃
ℓ=0

Iℓ,j(f) ⊆
k⋃

ℓ=0

Iℓ,j(1) for any k ∈ N0. (2.2)

This directly implies Uj ∈ Ik1,j(f) and Uj ∈ Ik2,j(f) for some k1 ≥ k2, so that vertex j + 1 is at
least as deep in Tj+1(f) as it is in Tj+1(1), so that (2.1) holds for j + 1 and all ℓ ∈ N0 as well. To
prove the claim, we write

k⋃
ℓ=0

Iℓ,j(f) =

[
0,

∑k
ℓ=0 f(ℓ)Nj(ℓ, f)∑k

ℓ=0 f(ℓ)Nj(ℓ, f) +
∑∞

ℓ=k+1 f(ℓ)Nj(ℓ, f)

)
,

and notice that, since f(ℓ) ≥ f(k + 1) for all ℓ ≥ k + 1 and by (2.1),∑k
ℓ=0 f(ℓ)Nj(ℓ, f)∑k

ℓ=0 f(ℓ)Nj(ℓ, f) +
∑∞

ℓ=k+1 f(ℓ)Nj(ℓ, f)
≤

∑k
ℓ=0 f(ℓ)Nj(ℓ, f)∑k

ℓ=0 f(ℓ)Nj(ℓ, f) + f(k + 1)
∑∞

ℓ=k+1 Nj(ℓ, f)

≤
∑k

ℓ=0(f(ℓ)/f(k + 1))Nj(ℓ, f)∑k
ℓ=0(f(ℓ)/f(k + 1))Nj(ℓ, f) +

∑∞
ℓ=k+1 Nj(ℓ, 1)

≤
∑k

ℓ=0 Nj(ℓ, f)∑k
ℓ=0 Nj(ℓ, f) +

∑∞
ℓ=k+1 Nj(ℓ, 1)

≤
∑k

ℓ=0 Nj(ℓ, 1)∑k
ℓ=0 Nj(ℓ, 1) +

∑∞
ℓ=k+1 Nj(ℓ, 1)

.

so that we arrive at (2.2). □

Proposition 2.1 allows us to compare depth-weighted trees with increasing/decreasing weight func-
tions to the random recursive tree (i.e. with a constant weight function). A natural question is
whether there exist conditions under which we can compare other depth-weighted trees. Intu-
itively, if a weight function f increases/decreases faster than another weight function g, then the
depth of Tn(f) should stochastically dominate that of Tn(g). This is reflected in the following
conjecture.

Conjecture 2.2 ([7]). Let f, g : N0 → (0,∞) be two weight functions such that

f(k + 1)

f(k)
≥ g(k + 1)

g(k)
for all k ∈ N0.

Then, d(Tn(f)) ⪰ d(Tn(g)) for all n ∈ N.

Remark 2.3. (i) Note that the condition f(k) ≥ g(k) for all k ∈ N0 is not sufficient for d(Tn(f)) ⪰
d(Tn(g)) to hold. Indeed, set f(k) = g(k) for all k ∈ N, but f(0) > g(0). As the weight of the
root in Tn(f) is slightly larger compared to Tn(g), should be d(Tn(f)) stochastically dominated
by d(Tn(g)).

(ii) Proving Conjecture 2.2 with the same approach as in the proof of Proposition 2.1, i.e. by
coupling Tn(f) and Tn(g) in such a manner that each vertex in Tn(f) is at least as deep as in
Tn(g)) does not work, as one can find counterexamples. ◀

3. Continuous-time perspectives of the depth-weighted tree

In this section we describe two continuous-time interpretations of the DWT model. These are
equivalent to the discrete-time description, but come with certain analytical advantages.
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3.1. First interpretation: via a continuous-time branching process. This continuous-time
version of the model appears in the original paper of Leckey, Mitsche and Wormald [7]. It has the
advantage that the discrete model can be completely recovered from it (which is not the case with
the second interpretation presented in Section 3.2).

A central object in this construction is the Ulam-Harris tree with vertex set

UH := {∅} ∪
( ⋃

n∈N
Nn

)
.

This tree grows away from a root ∅ and the children of each vertex v ∈ UH are v1, v2, . . ..
Moreover, we denote by dUH : UH → N0 the depth function for the Ulam-Harris tree; namely,
dUH(∅) = 0 and, for every vertex v = v1v2 · · · vk with k, v1, . . . , vk ∈ N, dUH(v) = k. We also
define a ray to be an infinite sequence of positive integers and denote by N∞ the set of rays.

To every v ∈ UH, we then assign an independent Poisson process ξv of rate f(dUH(v)) where f is
the weight function associated with the depth-weighted tree. The points σv

1 , σ
v
2 , . . . in the Poisson

process ξv correspond to the difference between the birth-times of the children v1, v2, . . . of v and
the birth-time of v itself. We can thus recursively construct the absolute birth times (B(v))v∈UH

as
B(∅) := 0 and B(vj) := B(v) + σv

j for every v ∈ UH and j ∈ N.
Finally, we construct the continuous-time branching process (T (t))t≥0 by defining

T (t) := {v ∈ UH : B(v) ≤ t} for all t ≥ 0.

In particular, d(T (t)) := maxv∈T (t) dUH(v) denotes the depth of the branching process T at time
t. To justify the correspondence between the continuous-time branching process T and the depth-
weighted tree process, we define the stopping times (τn)n∈N as

τn := inf{t ≥ 0: |T (t)| = n} for n ∈ N.
We also introduce Nr(t) := {v ∈ T (t) : dUH(v) = r} as the number of individuals at depth r at
time t for r ∈ N0 and t ≥ 0.

τj,r := inf{t ≥ 0: |{v ∈ T (t) : dUH(v) = r}| = j} for j, r ∈ N0.

We observe (as follows from [7, Lemma 3.1]) that, by the memoryless property of the exponential
distribution and the strong Markov property,

{Tn : n ∈ N} d
= {T (τn) : n ∈ N}.

3.2. Second interpretation: via Cox processes. Sometimes the exact structure of the tree
Tn is irrelevant and only the number of vertices at different depths matters. The continuous-time
construction from 3.1 carries more information than needed in such a case, which can complicate
the analysis. To this end, we provide an interpretation using Cox processes.

Fix a measure space (S,F ,Λ). A Poisson point process N with intensity measure Λ is a family of
random variables {N(A) : A ∈ F} with values in N0 such that the following properties hold:

• for each A ∈ F , N(A) is a Poisson random variable with parameter Λ(A), and
• for each family (Ai) of pairwise disjoint measurable sets, (N(Ai)) are jointly independent
random variables.

Furthermore, if the intensity measure Λ varies according to a stochastic process on the set of
measures on (S,F), N is instead called a Cox process.

We now introduce the following continuous-time interpretation of the DWT model, for which
S = R+.

• First, we define a Poisson point process N1(t) with intensity Λ1(dt) = f(0)dt (counting
the vertices on depth 1).

• Recursively, for every r ≥ 2, we define a Cox process Nr(t) with intensity Λr(dt) =
f(r − 1)Nr−1(t)dt (counting the vertices on depth r).
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For every r ∈ N, we call Λr the directing measure of Nr and additionally denote N0(t) = 1 for all
t ≥ 0 to account for the root at depth zero. Further, for every t ≥ 0, we define

N(t) :=

∞∑
r=0

Nr(t) = 1 +

∞∑
r=1

Nr(t),

interpreted as the total number of individuals at time t. In relation to the branching process T (t)
defined in Section 3.1, the Nr(t) denote the generation sizes and we have N(t) = |T (t)|, as well as

τn = inf{t ≥ 0: N(t) = n} and τj,r = inf{t ≥ 0: Nr(t) = j}.

The following result formalises the connection with the original model.

Lemma 3.1. For every weight function f , the distribution of the sequences (Nr(τn))r∈N and
(|{v ∈ Tn : dTn(f)(v) = r}|)r∈N coincide.

Proof. We proceed by recursively constructing a coupling of the two sequences that identifies them
almost surely. The coupling of the roots is immediate. Suppose that, for some n ≥ 2, a coupling
with the above description has been constructed so that Nr(τn−1) = |{v ∈ Tn−1 : d(v) = r}| for
every r ∈ N, and define sr = sr(n) := Nr(τn−1) + 1. Then, for every r ∈ N, (τsr,r − τn−1)r∈N is a
family of independent exponential random variables with rates f(r − 1)Nr−1(τn−1), respectively.
Thus, since Nr(τn) = sr holds only for the index r of the minimum among (τsr,r − τn−1)r∈N,

P(Nr(τn) = sr |Nr(τn−1)r∈N0
) =

f(r − 1)Nr−1(τn−1)∑∞
i=0 f(i)Ni(τn−1)

.

However, this is precisely the probability that the n-th vertex attaches to a vertex on depth r− 1
in the discrete model, which concludes the coupling until time τn and the proof. □

4. Bounded weight functions

Suppose that the weight function f is such that 0 < infk∈N0
f(k) ≤ supk∈N0

f(k) < ∞. One can
think of the depth-weighted tree Tn(f) as a perturbation of the random recursive tree Tn(1). We
show that its depth grows at a logarithmic order.

Theorem 4.1 (Bounded weight functions, [8]). For a weight function f such that 0 < infk∈N0 f(k) ≤
supk∈N0

f(k) < ∞, there exist constants c = c(f), C = C(f) > 0, such that almost surely,

c ≤ lim inf
n→∞

d(Tn(f))

log n
≤ lim sup

n→∞

d(Tn(f))

log n
≤ C.

We use the continuous-time branching process interpretation in Section 3.1 to prove Theorem 4.1

and start with the observation that d(Tn(f))
d
= d(T (τn)) and

d(T (τn)) = sup{k ∈ N0 : τ1,k ≤ τn}. (4.1)

Our aim is thus to find lower and upper bounds for τ1,k and τn when k and n are large. To this
end, we consider the Yule process (Yλ(t))t≥0 of rate λ > 0, which is a continuous-time branching
process where, for each v ∈ UH, the Poisson process ξv has rate λ. With

I = I(f) := inf
k∈N0

f(k) and S = S(f) := sup
k∈N0

f(k),

we can couple our branching process T to two Yule processes YI and YS , such that

YI(t) ⊆ T (t) ⊆ YS(t) for all t ≥ 0.

If we let τλn , τ
λ
1,k be the corresponding stopping times for the branching process Yλ, the coupling

thus yields that

τS1,k ≤ τ1,k ≤ τ I1,k and τSn ≤ τn ≤ τ In for all k, n ∈ N0. (4.2)

We first analyse the stopping times τλn for λ > 0.
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Proposition 4.2 (Growth rate of Yule processes, [9]). Fix λ > 0. Then, Mt := e−λt|Yλ(t)| is a
martingale with respect to the filtration Ft := σ(Yλ(s); s ≤ t). As a result, τλn − 1

λ log n converges
almost surely.

The almost sure convergence of the size of the branching process Yλ(t) when rescaled, is true
for a much larger class of branching processes (including Bienaymé–Galton–Watson branching
processes) known as Crump–Mode–Jagers branching processes. See e.g. the early papers of Jagers
and Nerman [9, 3, 4] or the classical book on branching processes by Athreya and Ney [1].

Proof. We claim that E [Yλ(t)] = eλt, so that E [Mt] = 1 for all t ≥ 0. Fix 0 ≤ s ≤ t. By the
branching property, conditionally on Fs we can think of |Y(t)| as a sum of |Y(s)|many independent

copies |Y(i)
λ (t− s)| of |Yλ(t− s)| that are independent of Fs. As a result,

E [Mt | Fs] = e−λtE

[ |Yλ(s)|∑
i=1

|Y(i)
λ (t− s)|

∣∣∣∣∣Fs

]
= e−λt|Yλ(s)|E [|Yλ(t− s)] = e−λs|Yλ(s)|,

as desired, where the last step follows from the claim. As Mt is a non-negative martingale, it

follows that there exists a random variable W such that Mt
a.s.−→ W . By the definition of τλn , we

have |Y(τλn )| = n. Moreover, since E [Yt] < ∞ and thus Yt < ∞ almost surely for any t ≥ 0, we
conclude that τλn → ∞ almost surely with n. Hence,

e−λτλ
n |Y(τλn )| = elogn−λτλ

n

converges almost surely, so that the second result follows.

To prove the claim, we consider the time at which the root produces its first child, so that we can
write

E [Yλ(t)] = e−λt +

∫ t

0

λe−λs2E [Yλ(t− s)] ds = e−λt +

∫ t

0

λe−λ(t−s)2E [Yλ(s)] ds.

If we set g(t) := eλtE [Yλ(t)], we obtain the functional equation

g(t) = 1 + 2λ

∫ t

0

g(s) ds.

It is readily checked that g(t) = e2λt solves the equation, from which E [Y(t)] = eλt follows. □

We then consider τλ1,k.

Theorem 4.3 (First-birth time of Yule processes, [2]). Fix λ > 0. Then,

τλ1,k
k

a.s.−→ 1

λe
.

This theorem is an interesting result in its own right and, again, holds true for a more general class
of CMJ branching processes (with a different constant as the limit, see the work of Biggins [2]).
We shall prove a lower bound only, and briefly sketch the argument for a matching upper bound.

To prove a lower bound for τλ1,k, let N
λ
k (t) denote the number of individuals in Yλ(t) at depth k.

We notice that

{τλ1,k < t} = {Nλ
k (t) ≥ 1}.

Deriving the mean of Nλ
k (t) thus allows us to bound τ1,k from below, as follows from the next

lemma.

Lemma 4.4. For every k ∈ N0 and t ≥ 0,

E [Nk(t)] =
tk

k!

k−1∏
i=0

f(i). (4.3)
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In particular, when f(i) = λ > 0 for all i ∈ N0,

E
[
Nλ

k (t)
]
=

(λt)k

k!
. (4.4)

Proof. We prove the result by induction over k. The result holds for k = 0 as N0(t) = 1 for all
t ≥ 0. Assume (4.4) for some k ∈ N0. Then,

E [Nk+1(t)] = E
[
E
[
Nk+1(t)

∣∣ (Nk(s))s∈[0,t]

]]
= E

[∫ t

0

f(k)Nk(s) ds

]
.

After switching expectation and integration by Fubini’s theorem, the induction hypothesis gives

E [Nk+1(t)] =

∫ t

0

f(k)E [Nk(s)] ds =
1

k!

k∏
i=0

f(i)

∫ t

0

sk ds =
tk+1

(k + 1)!

k∏
i=0

f(i),

as desired. □

With Lemma 4.4, we directly obtain that for any x < 1/(λe),

P
(
τλ1,k < xk

)
= P

(
Nλ

k (xk) ≥ 1
)
≤ E

[
Nλ

k (xk)
]
=

(λxk)k

k!
=

1 + o(1)√
2πk

(λex)k,

where the final step uses Sterling’s approximation k! = (1 + o(1))
√
2πk(k/e)k. Since λex < 1, the

Borel-Cantelli lemma implies that almost surely,

lim inf
k→∞

τλ1,k
k

≥ 1

λe
.

Sketch of the upper bound proof. To obtain a matching upper bound, we cannot directly

use a second moment method, since E
[
Nλ

k (t)
]2

/E
[
Nλ

k (t)
2
]
is bounded away from 0 and 1 for

all large enough k when t = ck for some constant c > 1/(λe). However, by the Paley–Zygmund
inequality,

P
(
τλ1,k ≤ t

)
= P

(
Nλ

k (t) ≥ 1
)
≥

E
[
Nλ

k (t)
]2

E
[
Nλ

k (t)
2
] > 0. (4.5)

Now, we take ε > 0 small such that (1− ε)c > 1/(λe). Then, let

Et := {N1(εt) ≥ λε
2 t}

denote the event that the root has produced at least λε
2 t many children by time εt. Since N1(εt) ∼

Poi(λεt), this event occurs with probability at least 1− e−a1t for some small constant a1 > 0, so
that

P
(
τλ1,k > t

)
≤ P

(
{τλ1,k > t} ∩ Et

)
+ P(Ec

t ) ≤ P
(
{τλ1,k > t} ∩ Et

)
+ e−at.

Each of the children born by time εt grows an independent Yule process up to time t, so each
subtree grows at least (1−ε)t time. The event Et∩{τλ1,k > t} then implies that each of the subtrees

rooted at the (at least) λε
2 t many children of the root does not reach depth k− 1 by time (1− ε)t.

So,

P
(
{τλ1,k > t} ∩ Et

)
≤ P

(
τλ1,k−1 > (1− ε)t

)λεt/2 ≤ P
(
τλ1,k−1 > (1− ε)c(k − 1)

)λεt/2
By (4.5), using that (1− ε)t = (1− ε)c k

k−1 (k− 1) and (1− ε)c k
k−1 > (1− ε)c > 1/(λe), we obtain

an upper bound e−a2t for some constant a2 > 0. Hence,

P
(
τλ1,k > ck

)
≤ e−a1t + e−a2t = e−a1ck + e−a2ck,

so that the Borel-Cantelli lemma yields the desired result.

To show that the second moment of Nλ
k (t) and the first moment squared are of the same order,

we determine the variance. We have

Var(Nλ
k (t)) = E

[
Nλ

k (t)
] k−1∑
ℓ=0

(λt)ℓk!

(k + ℓ)!

(
2ℓ

ℓ

)
=

k−1∑
ℓ=0

(λt)k+ℓ

(k + ℓ)!

(
2ℓ

ℓ

)
. (4.6)
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To arrive at this equality, we use that, for each j ∈ N, the point process Nj is a Cox process with
directing random measure Λj , with density

Λj(B) :=

∫
B

f(j − 1)Nj−1(s) ds, B ⊆ [0,∞).

The measure Λj has intensity measure νj−1 with density

νj−1(ds) :=
sj−1

(j − 1)!

j−1∏
i=0

f(i) ds.

We note that Nj and Λj have the same intensity measure. Indeed, as the law of Nj , conditionally
on Λj , is equal to that of a Poisson point process with intensity measure Λj , it follows that
E [Nj(B) |Λj ] = Λj(B), and thus E [Nj(B)] = E [Λj(B)] = νj−1(B) for any B ⊆ [0,∞) and j ∈ N.
Continuing this recursion, we can for each j ∈ N define the measures ξℓ := Nℓ

∏j−1
i=ℓ f(i) for

ℓ ∈ {0, . . . , j}. Then, ξℓ is a Cox process with directing random measure ξℓ−1 for each ℓ ∈ [j], and
ξℓ has intensity measure νℓ, given by

νℓ(ds) :=
sℓ

ℓ!

j−1∏
i=0

f(i), ℓ ∈ {0, . . . , j}.

We can then apply [6, Proposition 13.6] to conclude that, for any t > 0 and with g : [0,∞) →
[0,∞), g(x) := 1{x∈[0,t]},

Var(Nj(t)) = Var(Nj(g)) = νj−1(g
2) + Var(Λj(g)) = E [Nj(t)] + Var

(∫ t

0

f(j − 1)Nj−1(s) ds

)
.

We observe that∫ t

0

f(j − 1)Nj−1(s) ds =

∫ t

0

f(j − 1)(t− s)Nj−1(ds) = f(j − 1)Nj−1(h1),

where we define the functions hi : R → R by hi(s) := 1{s∈[0,t]}(t − s)i/i! for any i ∈ N. As such,
we obtain

Var(f(j − 1)Nj−1(h1)) = f(j − 1)2νj−2(h
2
1) + f(j − 1)2Var

(∫ t

0

f(j − 2)(t− s)Nj−2(s) ds

)
= f(j − 1)2

∫ t

0

(t− s)2
sj−2

(j − 2)!

j−2∏
i=0

f(i) ds

+ f(j − 1)2Var

(∫ t

0

f(j − 2)
(t− s)2

2
Nj−2(ds)

)
=

2f(j − 1)t

j + 1
E [Nj(t)] +

(
f(j − 1)f(j − 2)

)2
Var(Nj−2(h2)).

Continuing this recursion, we arrive at

Var(Nj(t)) = E [Nj(t)]

j−1∑
i=0

ti
(2i)!

(i!)2

i∏
ℓ=1

f(j − ℓ)

j + ℓ
.

For the case f(i) = λ for all i ∈ N0, we thus obtain (4.6).

We complete this section by proving Theorem 4.1.

Proof of Theorem 4.1. By (4.1) and (4.2) we have for any x > 0 and kn := ⌈x log n⌉,

{d(T (τn)) ≥ kn} = {sup{k ∈ N0 : τ1,k ≤ τn} ≥ kn} ⊆ {sup{k ∈ N0 : τ
S
1,k ≤ τ In} ≥ kn} ⊆ {τS1,kn

≤ τ In}.

Since, by Proposition 4.2 and Theorem 4.3,

τS1,kn

kn

a.s.−→ 1

Se
and

τ In
kn

=
( 1
x
+ o(1)

) τ In
log n

a.s.−→ 1

xI
,
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it follows that the event {d(T (τn)) ≥ kn} occurs only finitely often almost surely when x > I/(Se).
In a similar manner, we can prove a lower bound for d(T (τn)). □

Convergence of the depth.

Under additional assumptions on f , beyond that it is bounded, it is possible to prove more precise
results on the growth rate on the depth. We will not prove these here, but just state them for the
interested reader.

Theorem 4.5 ([5]). Let f : N0 → (0,∞) be a weight function such that 0 < infk∈N0 f(k) ≤
supk∈N0

f(k) < ∞ and

lim
n→∞

1

n

n−1∑
i=0

log(f(i)) = δ, (4.7)

for some δ ∈ R (without loss of generality, we may set δ = 0). Then,

d(Tn(f))

log n

a.s.−→ e.

Remark 4.6. The condition in (4.7) says something about the arithmetic mean of f , and is used
to control the expected generation sizes. Indeed, under this condition, Lemma 4.4 yields that
E [Nk(t)] ≈ (eδt)k/k! for k large, so that E [N(t)] ≈ exp(eδt).

Natural examples of weight functions f that satisfy (4.7) are converging and periodic f . ◀

It is also possible to construct bounded weight functions that do not yield trees whose depth is
asymptotically e log n.

Proposition 4.7 ([5]). There exists a weight function f : N0 → {1, 3}, such that, almost surely,

lim inf
n→∞

d(Tn(f))

log n
≤ 5

2
, lim sup

n→∞

d(Tn(f))

log n
≥ e.

5. Super-exponential weight functions

In this section we study weight functions f that grow super-exponentially. That is, assume that

lim
k→∞

f(k + 1)

f(k)
= ∞, (5.1)

and define

In :=

n∑
k=0

f(k)

f(k + 1)
.

We then have the following result.

Theorem 5.1. Suppose the weight function f satisfies (5.1).

(a) If In converges, there exists a random variable K such that n− d(Tn(f))
a.s.−→ K.

(b) If In diverges, then
n− d(Tn(f))

In

P−→ 1.

We prove the case when In converges in these notes.

As
∑∞

i=0 f(i)
−1 is finite, the branching process T explodes (grows infinitely large in finite time).

This is relatively easy to see, by letting T denote the time until the infinite ray (∅, 1, 11, 111, 1111, . . .)
is constructed. As each individual on the ray (apart from the root) is the first child of the previous
individual on the ray, it follows that

T =

∞∑
i=0

Ei,
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where Ei ∼ Exp(f(0)). As a result, E [T ] =
∑∞

i=0 f(i)
−1, which is finite. It thus follows that the

branching process is infinitely large at the almost surely finite time T . As a result, the random
variable

τ∞ := lim
n→∞

τn

is finite almost surely (since τ∞ ≤ T almost surely). Moreover, we also know that there exists a
unique infinite ray γ ∈ N∞ in T (τ∞) almost surely, see Proposition 5.6.

Intuitively, the theorem follows from the fact that the probability that a vertex at depth j ∈ N0

produces more than one child before the process explodes is of the order f(j)/f(j + 1). The
condition that In converges, combined with the Borel-Cantelli lemma, implies that only finitely
many vertices along the infinite ray γ produce more than one child. To make this intuition more
precise, we introduce the following auxiliary continuous-time branching process (CTBP). To aid
notation, we let p(v) denote the parent of v ∈ UH \ {∅}.

Definition 5.2 (CTBP with dormant non-first-born individuals). Let (T̃∅(t))t≥0 be a CTBP
rooted at ∅, where an individual v ∈ UH gives birth at rate f(dUH(v)) when v = ∅ or v = p(v)1
(i.e. v is the first child of p(v)), and does not give birth to children, otherwise. We call vertices
that do not give birth to children dormant, and vertices that do give birth to children active.

In general, for u ∈ UH, we let (T̃u(t))t≥0 be the CTBP rooted at u. That is, vertices v ∈ {uw :
w ∈ UH} give birth at rate f(dUH(v)) when v = u or v = p(v)1 and are dormant otherwise. ◀

Whilst the processes T̃u for u ∈ UH are different from the CTBP T that describes the depth-
weighted tree evolution, we use these processes to describe the infinite branching process T (τ∞)
at the time the process has exploded.

It is clear that the process T̃∅ produces a single infinite ray γ = γ∅ := (∅, 1, 11, 111, . . .), as all
other individuals that are not on this infinite ray are dormant and thus do not produce children.

Moreover, the ray γ is produced in finite time almost surely, say in time T (γ). Similarly, T̃u
produces a single infinite ray γu := (u, u1, u11, . . .) in finite time T (γu), almost surely. The

following proposition determines the number of dormant children in T̃u at time T (γu).

Proposition 5.3 (Expected number of dormant children). Let the weight function f satisfy (5.1).

Fix u ∈ UH and consider the CTBP T̃u. Fix u ∈ UH and let (Nw)w∈γu
denote the number of

dormant children w produces before time T (γu). If In converges,

E

[∑
w∈γu

Nw

]
= (1 + o(1))

∞∑
j=dUH(u)

f(j)

f(j + 1)
= (1 + o(1))

f(dUH(u))

f(dUH(u) + 1)
, (5.2)

where the o(1) term tends to zero as dUH(u) tends to infinity. If In diverges,

E

[∑
w∈γu

Nw

]
= ∞. (5.3)

Proof. The birth process ξw associated with w ∈ γu is a Poisson process of rate f(dUH(w)).
Let (Ei)i∈N0

be a sequence of independent exponential random variables, where Ei has rate
f(i), that are also independent of ξw. Since the ray γu can be created only after w has pro-
duced its first child, it follows that Nw is distributed as a Poisson random variable with mean
f(dUH(w))

∑∞
i=dUH(w)+1 Ei, conditionally on (Ei)i≥dUH(w)+1. Hence,

E

[∑
w∈γu

Nw

]
=
∑
w∈γu

E

f(dUH(w))

∞∑
i=dUH(w)+1

Ei

 =

∞∑
j=dUH(u)

f(j)

∞∑
i=j+1

1

f(i)
.

By omitting all but the first term in the inner sum (and the outer sum), we arrive at the de-
sired lower bound in the first (and second) step in (5.2). When In diverges, this also directly
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implies (5.3). For a matching upper bound in (5.2), we write
∞∑

i=j+1

1

f(i)
=

1 + εj
f(j + 1)

,

where,

εj :=

∞∑
i=j+2

f(j + 1)

f(i)
=

∞∑
i=j+2

i−1∏
k=j+1

f(k)

f(k + 1)

By (5.1), it follows that for any δ ∈ (0, 1) there exists J = J(δ) ∈ N such that for all j ≥ J ,

εj ≤
∞∑

i=j+2

δi−j−1 =
δ

1− δ
.

Hence, for u ∈ UH such that dUH(u) ≥ J(δ),

E

[∑
w∈γu

Nw

]
≤ 1

1− δ

∞∑
j=dUH(u)

f(j)

f(j + 1)
.

With the same approach, we can bound the sum from above by (1−δ)−1f(dUH(u))/f(dUH(u)+1).
As δ is arbitrary, this yields the desired upper bound. □

We then prove the first part of Theorem 5.1.

Proof of Theorem 5.1 (a). The aim is to show that the continuous-time branching process T al-
most surely satisfies that, eventually, only individuals along a single infinite path are born. To
this end, we use the following steps:

(i) We construct an infinite tree T̂ based on the processes (T̃u)u∈UH. This tree T̂ consists of
at least one infinite ray (and possibly infinitely many infinite rays).

(ii) We define an auxiliary discrete branching process (Bn)n∈N, where each individual in the

process corresponds to an infinite ray of T̂ .
(iii) We prove that the discrete branching process (Bn)n∈N is subcritical for all generations

n ≥ N , for some N ∈ N.
(iv) We argue that T (τ∞) is a subset of T̂ and that T (τ∞) contains a single infinite ray, from

which the desired result follows.

(i). We construct T̂ recursively by constructing a sequence of trees (T̂j)j∈N and setting T̂ =

∪j∈NT̂j . We recall that γu := (u, u1, u11, . . .) for u ∈ UH, and that T (γu) denotes the (almost

surely finite) time at which the process T̃u has created γu (where we omit the subscript if u =

∅). Further, we introduce the independent random variables (E
(u)
j )u∈UH,j∈N, where E

(u)
j is an

exponential random variable with rate f(dUH(u)).

We initialise the construction by setting T̂1 := T̃∅(T (γ)), where an active individual v ∈ γ

gives birth according to the exponential clocks (E
(v)
j )j∈N. That is, T̂1 consists of the infinite

ray γ = (∅, 1, 11, . . .) and dormant vertices, which are non-first-born children of ∅, 1, 11, . . . We

then construct T̂2 from T̂1 as follows: For each dormant u ∈ T̂1, start the process T̃u, and run it up
to time T (γu), that is, until the infinite ray γu is created. Here, active vertices v ∈ γu give birth

according to the exponential clocks (E
(v)
j )j∈N. We add each such process T̃u to T̂1 to construct

T̂2. More precisely, we set

T̂2 := T̂1 ∪
⋃

u∈T̃∅(T (γ))
u dormant

T̃u(T (γu)).

To create T̂3, we take all dormant vertices u′ born in the process of creating T̂2, and repeat the same

procedure. That is, activate u′, run T̃u′ until time T (γu′), where each v ∈ γu′ gives birth according

to the exponential clocks (E
(v)
j )j∈N, and attach T̃u′(T (γu′) to T̂2. This recursive construction is
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visualised in Figure 2. The construction either continues forever or until, at some step j ∈ N, no
dormant vertices are created, in which case we set T̂k = T̂j for all k > j. Then T̂ = ∪j∈NT̂j .

∅

u1

u2
u3

γ

(a)

T̂1

∅

u1

u2
u3

γ γu3
γu2

γu1

(b)

T̂2

Figure 2. (a) The process T̃∅ that creates the initial tree T̂1. The red vertices
have produced dormant children before γ is created, which results in three dor-
mant individuals, u1, u2, and u3, in blue.

(b) Each of the three dormant individuals is activated and processes T̃ui are

started, for each i = 1, 2, 3, to create T̂2. One individual in red in the process T̃u1

produces a dormant child before the infinite ray γu1
is created. This results in

one dormant individual, in blue.

(ii) We define the following discrete branching process (Bn)n∈N, where Bn is a finite subset of
UH. We set B1 = {∅}. Then, ∅ gives birth to∑

w∈γ

Nw

many children, and let B1 be the set of dormant children born in the process T̃∅. That is, an

individual u ∈ B2 is a dormant vertex in T̃ (T (γ)). This process continues analogously for further
generations. That is, for n ≥ 2, each individual u in Bn gives birth to∑

w∈γu

Nw

many children in generation n+1, each of which corresponds to a unique infinite ray created in the

construction of T̂n+1. The branching process either survives forever, or dies out at some generation
j, in which case we set Bk as the empty set for all k > j. Observe that, by the construction of
the (Bn)n∈N, the discrete branching process dying out at generation j is equivalent to no dormant

vertices being created in the construction of T̂j .

(iii) We prove that (Bn)n∈N is eventually subcritical. By Proposition 5.3, there exists C > 0 such
that for any u ∈ UH,

E

[∑
w∈γu

Nw

]
≤ C

f(dUH(u))

f(dUH(u) + 1)
.

We now make the following crucial observation: individuals u ∈ Bn satisfy that dUH(u) ≥ n− 1.
As a result, since In converges and thus f(k)/f(k + 1) tends to zero with k, it follows that there
exists N ∈ N such that Cf(n − 1)/f(n) < 1 for all n ≥ N . As a result, the branching process
(Bn)n∈N is subcritical from generation N onwards.
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(iv) Since (Bn)n∈N is eventually subcritical, it follows that this branching process dies out almost

surely. Since each individual in (Bn)n∈N corresponds to an infinite ray in T̂ , it follows that T̂
contains a finite number of infinite rays almost surely. This is visualised in part (c) of Figure 3.

To conclude, we couple the process (T (t))t≤τ∞ with the tree T̂ , where we recall that τ∞ is the
almost surely finite time when T has grown infinitely large. Let us construct the CTBP T by

letting individual v born in T give birth to offspring according to the exponential clocks (E
(v)
j )j∈N.

It then directly follows from the construction of T̂ that T (τ∞) ⊆ T̂ . Indeed, any vertex v born in

T (τ∞) must also be born in some process (T̃u(t))t≤T (γu) that was started to construct the tree T̂ .

Since, by Proposition 5.6, the tree T (τ∞) contains a unique infinite ray almost surely, it follows

that this is one of the finite number of infinite rays of T̂ . Only finite parts of the other infinite rays

of T̂ are contained in T (τ∞). This is visualised in part (d) of Figure 3. It immediately implies
that, in the process (T (t))t≤τ∞ , there exists some (random) time τL, at which time the process
contains L individuals (L is also random), after which only vertices on a unique infinite path are
born, which is the unique infinite path that is part of T (τ∞).

T̂

(c) (d)

T (τ∞) ⊂ T̂

Figure 3. (c) The limiting tree T̂ . It contains a finite number of infinite rays
and a finite number of individuals with more than one child, in red.

(d) The infinite tree T (τ∞) in green as a strict subset of T̂ . T (τ∞) contains a

unique infinite ray, which is one of the infinite rays of T̂ .

To conclude, we translate this back to the discrete sequence of trees (Tn)n∈N. There exists a
random step L, after which new vertices connect only to a unique path that grows infinitely large
almost surely. With D the depth of TL = T (τL), it follows that d(Tn) = n − (L − D) for all
n ≥ L, almost surely, so that the desired result follows with K := L−D and which concludes the
proof. □

Idea behind case (b) in Theorem 5.1.

When In does not converge, we can still determine by Proposition 5.3 that

E

 ∑
w∈γ∅

1{dUH(w)≤n}Nw

 ≈
n∑

j=0

f(j)

f(j + 1)
= In,

so that along a path of length n (consisting of firstborn children), one expects to see approximately
In many additional children. To extend this when we considering all individuals that are not part of
the unique infinite path in T (τ∞) is rather technical and not particularly insightful, and therefore
we do not include it here.

Uniqueness of infinite ray.

Lemma 5.4 (Explosion time has no atoms). Suppose that the weight function f satisfies
∑∞

k=0 f(k)
−1 <

∞. Then, the distribution of τ∞ has no atoms, i.e. P(τ∞ = t) = 0 for all t ≥ 0.
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Remark 5.5. Via an equivalent proof, it follows that the distribution of τv∞ has no atoms, for
any v ∈ UH.

Proof. We argue by contradiction. Suppose that the distribution of τ∞ has an atom, i.e. there
exists t ≥ 0 such that P(τ∞ = t) > 0. We let (Ek)k∈N be a sequence of i.i.d. exponential random
variables with rate f(0), to write

0 < P(τ∞ = t) = P

( ∞⋃
i=1

{ i∑
k=1

Ek + τ (i)∞ = t

})
≤

∞∑
i=1

P

(
i∑

k=1

Ek + τ (1)∞ = t

)
,

where we use a union bound and that τ
(i)
∞

d
= τ

(1)
∞ for any i ∈ N. Now, the distribution of τ

(1)
∞ has

a countable set of atoms (any finite measure has a countable set of atoms), but the distribution

of
∑i

k=1 Ek has no atoms, for any i ∈ N. It follows that each probability on the right-hand side
equals zero, so that the sum equals zero, leading to a contradiction. □

We use this result to prove the following result.

Proposition 5.6 (Uniqueness of infinite rays in explosive depth-weighted branching process).
Suppose that the weight function f satisfies

∑∞
k=0 f(k)

−1 < ∞. Then, the infinite tree T (τ∞)
contains a unique infinite ray.

Proof. For v ∈ UH, let (Ek)k∈N be a sequence of i.i.d. exponential random variables with rate
f(d(v)). We observe that

τ (v)∞ = inf
i∈N

( i∑
ℓ=1

Eℓ + τ (vi)∞

)
, or, equivalently, B(v) + τ (v)∞ = inf

i∈N

(
B(vi) + τ (vi)∞

)
,

and that the infimum is attained by at least one integer i (that is, by at least one child vi). We
aim to prove that this child is, in fact, almost surely unique. To this end, we write

P

( ⋃
1≤i<j<∞

{
B(vi) + τ (vi)∞ = B(vj) + τ (vj)∞

})
≤

∑
1≤i<j<∞

P

(
τ (vi)∞ =

j∑
ℓ=i+1

Eℓ + τ (vj)∞

)
.

Note that B(vi) + τ
(vi)
∞ and B(vj) + τ

(vj)
∞ are finite almost surely (and hence so are the random

variables on the right-hand side), so that the equality is non-trivial. Furthermore, the random

variables on the right-hand side are all independent. Then, as τ
(vi)
∞

d
= τ

(vj)
∞ have a distribution

without atoms by Lemma 5.4, and a sum of i.i.d. exponential random variables has no atoms, each
probability on the right-hand side equals zero. As a result,

P
(
∃! i ∈ N : B(v) + τ (v)∞ = B(vi) + τ (vi)∞

)
= 1.

Each v ∈ UH thus has a unique child whose subtree explodes before the subtrees rooted at all
other children of v. Hence, we can construct an infinite path γ = (∅ = u0, u1, u2, . . .), where ui is
the unique child of ui−1 whose subtree explodes before those of the other children of ui, for each
i ∈ N. Any other path γ′ = (∅ = u′

0, u
′
1, u

′
2, . . .) is born strictly after γ. As each v ∈ UH produces

children at a finite rate and τ∞ < ∞ almost surely, each individual in T (τ∞) has finitely many
children. By Königs lemma, the infinite and locally finite tree T (τ∞) thus contains an infinite
path, almost surely, so that T (τ∞) contains a unique infinite path, which is γ, almost surely. This
concludes the proof. □
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6. Open problems

In these lecture notes we have seen some results on the behaviour of the depth of depth-weighted
trees, focussing on the bounded and super-exponential regimes. There are several other results
that can be found in [7, 8, 5], but, most importantly, many open problems left to solve! Here are
a few that I think are interesting to think about.

Open Problem 6.1 (Polynomial weight functions and super-logarithmic depth). If f is bounded,
the depth of Tn grows logarithmically. In fact, a result in [7] shows that the depth of Tn is of
logarithmic order when f grows at most polynomially. Two questions are: Suppose f grows poly-
nomially with exponent γ > 0, i.e.

lim
k→∞

log f(k)

log k
= γ.

What is the behaviour of the depth of Tn? Is it true that d(Tn) = (1 + γ)e log n+ o(log n)?

Furthermore, is it true that for any f that grows faster than polynomial, i.e.

lim
k→∞

log f(k)

log k
= ∞,

we have d(Tn)/ log n
a.s.−→ ∞?

Open Problem 6.2 (Polynomial depth). For a fixed β ∈ (0, 1), for which weight functions f do
we observe that d(Tn) = nβ+o(1)? Is it f(k) = exp(ck/ log(k + 2)) for some c > 0, as suggested
in [8]?

Open Problem 6.3 (Vanishing weight functions). There are currently no results, beyond Propo-
sition 2.1, regarding weight functions f that are decreasing and tend to 0. Related to Problem 6.1,
does d(Tn) still grow at a logarithmic rate when f(k) = k−γ for some γ > 0? It should also be
possible to get the depth to grow as slowly as one would want by letting f tend to zero sufficiently
quickly. Can the growth of d(Tn) be characterised for such f?

The above open problems, as these entire lecture notes, consider themselves only with the depth
of the tree. One can, of course, study many other properties and/or questions, too:

Open Problem 6.4 (Degree distribution and local limits). What is the limiting degree distribution
(pk)k∈N of Tn? For f such that Tn grows like a random recursive tree, we expect the degree
distribution to also match that of the random recursive tree, i.e. pk = (1/2)k. What can be said
about pk when f grows quickly?

Beyond the degree distribution, one can also ask about local convergence. What does the neigh-
bourhood of a typical vertex look like?

Open Problem 6.5 (Root finding, with thanks to Guillem Perarnau). Suppose that you construct
the tree Tn and remove the labels, so that you do not know in which order the vertices arrived.
For a fixed ε ∈ (0, 1), select a subset of the vertices of size K(ε), such that the root is contained in
this set with probability 1− ε. This problem is known as root finding (in random trees), and tight
bound on K(ε) are known in the case of the random recursive tree, among other models. How big
does K(ε) need to be for depth-weighted trees, and how does this depend on the weight function f?
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